Abstract. An integral power series is called lacunary modulo M if almost all of its coefficients are divisible by M . Motivated by the parity problem for the partition function, p(n), Gordon and Ono studied the generating functions for t-regular partitions, and determined conditions for when these functions are lacunary modulo powers of primes. We generalize their results in a number of ways by studying infinite products called Dedekind eta-quotients and generalized Dedekind eta-quotients. We then apply our results to the generating functions for the partition functions considered by Nekrasov, Okounkov, and Han.
Introduction
A partition of a positive integer n is a nonincreasing sequence of positive integers whose sum is n. For example, the partitions of 4 are given by the following set {4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1}.
The partition function, p(n), counts the number of partitions of n. From the above example we see that p(4) = 5. The generating function for p(n) is
The partition function has many congruence properties modulo primes and powers of primes. Some of the most well known of these congruences are the Ramanujan congruences for the partition function [11] :
p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11).
Few results of this form were known until Ahlgren and Ono showed that infinitely many congruences of the Ramanujan type exist for powers of primes [1, 9] . Namely, they proved that there are infinitely many congruences of the form
where m is relatively prime to 6. Although no analogous theorem exists for the partition function modulo the primes 2 and 3, Parkin and Shanks conjectured that half of the values for p(n) are even and half are odd [10] . To be precise, given an integral power series F (q) := n≫−∞ a(n)q n , we define δ(F, M ; X) := #{n ≤ X : a(n) ≡ 0 (mod M )} X .
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It is conjectured that δ(P, 2; X) and δ(P, 3; X) tend to 1 2 and 1 3 , respectively, as X approaches infinity. The table below contains values of δ(P, 2; X) and δ(P, 3; X) for X up to 500, 000. Table 1 . Data for p(n).
Although calculations strongly support this conjecture, it remains unproven. Moreover, it remains unknown whether a positive proportion of the values of p(n) are even (resp. odd), or whether an infinite number of the values of p(n) lie in any fixed residue class modulo 3.
In contrast to the behavior of equal distribution, an integral power series
namely, almost all coefficients of F are divisible by M . In [4] , Gordon and Ono studied the lacunarity of the t-regular partition function b t (n), defined by the generating function,
where q := e 2πiτ , and the Dedekind eta-function is the weight 
Combinatorially, the function b t (n) can be interpreted as counting the number of partitions of n with no summands divisible by d. Gordon and Ono proved that for the finite set of primes ℓ such that ℓ a divides t, if ℓ a ≥ √ t, then G t (τ ) is lacunary modulo ℓ j for any positive integer j [4] . This result implies that the coefficients of G t (τ ) grow so rapidly that almost all of the coefficients are divisible by arbitrarily large powers of ℓ. However, the rate at which δ(F, M ; X) converges to 1 may be relatively slow, as some later examples illustrate.
We can write the generating functions of many different partition functions as etaquotients. This connection between partition functions and eta-quotients motivates the study of the lacunarity of arbitrary eta-quotients modulo powers of primes. Note that the q-series of an eta-quotient is often expressible as the product of a fractional power of q and an integral power series of q with integer exponents. In this case, we consider the lacunarity of the corresponding power series with integer exponents when discussing the lacunarity of the eta-quotient. Let
and let G(τ ) be an arbitrary eta-quotient of the form
where E G 24 is the fractional exponent, and r i , s i , δ i ,γ i are positive integers with δ i and γ i all distinct. Since the eta-function has weight 1 2 , the weight of G(τ ) is
Define D G := gcd(δ 1 , . . . , δ u ), and observe that D G depends on the δ i 's, but is independent of the γ i 's. Generalizing the result obtained in [4] , we prove the following theorem. 
is lacunary modulo p j for any positive integer j. Moreover, there exists a positive constant α, depending on p and j, such that there are at most O X log α X many integers n ≤ X such that p j does not divide b(n).
Remark 1.1. For primes p that do not satisfy the conditions of Theorem 1.1, it is natural to ask how the coefficients of G(τ ) are distributed modulo p. Numerically, we observe (see Section 5) that many of the eta-quotients modulo these primes have density 1/p, which suggests a random distribution.
Remark 1.2. If we apply Theorem 1.1 to the generating function for the t-regular partition function G t (τ ), we recover the result from [4] .
A deep theorem of Serre asserts that holomorphic integer weight modular forms with integer coefficients are lacunary modulo any positive integer. We will make use of this phenomenon in the proof of Theorem 1.1. Remark 1.3. Many eta-quotients of the form (1.1) have poles at cusps despite the fact that they are always holomorphic on the upper half plane. Therefore, Theorem 1.1 covers infinitely many functions that are not considered by Serre's theorem. In many cases, we show that these forms are congruent to certain modular forms that are holomorphic at the cusps of the given congruence subgroup.
Here we offer an example of Theorem 1.1 with specific partition functions in mind. Given a partition λ = {λ 1 , . . . , λ k } in nonincreasing order, we represent λ by its Ferrers diagram, which is a series of k rows of boxes, where each row i has λ i boxes. The hook length of each box counts the number of boxes to the right of the given box and the number of boxes below the given box, plus 1 for the box itself. For example, given the partition λ = (4, 2, 1) of 7, the corresponding Ferrers diagram is 6 4 2 1 3 1 1 where the number in each box is its associated hook length. Denote the set of all partitions as P, the multi-set of hook lengths for λ as H(λ), and let
Assuming the above notation, we consider the Nekrasov-Okounkov equation which has significance in mathematical physics, combinatorics, and number theory. Nekrasov and Okounkov [7] obtained the explicit expansion formula below for z any complex number
which relates partition hook lengths to powers of the Euler Product. Han [5] provided the following (t, y)-extension of this formula
where t is a positive integer and y is a complex number. Using the notation of Han's formula, let G 1,t,z (τ ), G −1,t,z (τ ) denote the functions obtained when y = 1, −1, respectively,
When z ≥ t, z > 1 and z is an odd integer, both G 1,t,z (τ ) and G −1,t,z (τ ) are holomorphic positive integral weight modular forms. Therefore, Serre's theorem gives that these two functions are lacunary modulo any positive integer M . In the case that z = 1, G 1,t,z (τ ) reduces to G t (τ ), the generating function of t-regular partition function studied by Gordon and Ono in [4] . The following corollary fills in lacunarity results for the range 1 ≤ z < t.
Corollary 1.2. Suppose z < t is a positive odd integer and p is prime. 1) If p a | t and
is lacunary modulo p j for any positive integer j.
2) If p a | t and
Another way in which partition functions arise naturally from modular forms is through generalized eta-quotients. Theorem 1.1 is a special case of a more general theorem regarding generalized eta-functions [12] , defined as
where P 2 (x) is the second Bernoulli polynomial,
, the generalized eta-functions η δ,g (τ ) reduce to the eta-quotients
Otherwise the generalized eta-function is a meromorphic modular form of weight k = 0, known as a modular function, on a congruence subgroup of SL 2 (Z). In every case, these functions are holomorphic on H.
An example of the generalized eta-functions occurs in the famous Rogers-Ramanujan
Combining the right hand sides of these two expressions gives rise to an infinite product expansion which corresponds to the generalized eta-quotient
In analogy with G(τ ) defined in (1.1), we let H(τ ) = ∞ n=0 c(n)q n be an arbitrary generalized eta-quotient of the form
(τ ), and η δ,0 (τ ) indexed separately, such that for all i, each r i , r ′ i , r ′′ i , s i , s ′ i , and s ′′ i is non-negative,
Remark 1.4. We allow r δ,g ∈ 1 2 Z when g = 0 or For such a generalized eta-quotient, define
where
and to represent an ordinary eta-function we obtain a weaker bound than the one given by Theorem 1.1. This is a limitation of the technique used to bound the second Bernoulli polynomial P 2 (x).
Remark 1.6. Similar to Theorem 1.1, many forms that we consider here have poles at cusps. Therefore, Theorem 1.3 again covers infinitely many functions excluded by the theorem of Serre.
In Section 2, we give preliminaries on modular forms and include a discussion of Serre's theorem on the lacunarity of holomorphic positive integer weight modular forms with integer coefficients. We utilize this theorem in Section 3, where we provide background on Dedekind eta-quotients as well as the proofs of Theorem 1.1 and Corollary 1.2. In Section 4 we again make use of the theorem of Serre for the proof of Theorem 1.3. Lastly in Section 5, we conclude with examples of infinite families that satisfy our theorems. 
Let f (τ ) be a meromorphic function on the upper half-plane H. For γ ∈ SL 2 (Z) and integers k, define the weight-k "slash" operator | k by 
(2) for γ ∈ SL 2 (Z), (f | k γ)(τ ) has a Fourier expansion of the form
with q N := e 2πiτ /N and a γ (n γ ) = 0.
Define a cusp of Γ to be an equivalence class of P 1 (Q) = Q ∪ {∞} under the action of Γ. We say that f (τ ) is a holomorphic modular form if it is holomorphic on H and at all the cusps of Γ, which occurs when n γ ≥ 0 for every γ. The quantity n γ , called the order of vanishing at c . Therefore, to check if an eta-quotient is holomorphic, it suffices to check the order of vanishing at a finite set of representatives for the cusps. The following proposition gives these finite sets C 0 (N ) (resp. C 1 (N )), which are complete sets of representatives for the cusps of Γ 0 (N ) (resp. Γ 1 (N )), see [3, p. 99] (resp. [12] ). 
is a complete set of (possibly equivalent) cusps on Γ 1 (N ).
2.2.
Serre's Theorem. The following deep theorem of Serre [6, 13] , which is proved using the theory of Galois representations, is essential for the proofs of Theorems 1.1 and 1.3. integers n ≤ X where c(n) is not divisible by M.
Remark 2.1. Serre proves this result for the more general case when c(n) is an algebraic integer in the ring of integers of an algebraic number field.
Proof of Theorem 1.1
We begin by recalling results regarding Dedekind eta-quotients which will be necessary in the proofs of Theorem 1.1 and Corollary 1.2.
3.1. Dedekind Eta-quotients. The following theorem from [8, p. 18] gives conditions for an eta-quotient to be a modular form on Γ 0 (N ). 
3.2.
Proof of Theorem 1.1. Given a non-holomorphic eta-quotient, G(τ ), we construct a holomorphic eta-quotient, F (τ ), which is the product of G(24τ ) and some eta-quotient f p j (τ ) that is congruent to 1 modulo p j . Since F (τ ) is holomorphic, by Theorem 2.2, F (τ ) is lacunary modulo any positive integer. By construction, when F (τ ) is lacunary modulo p j , G(τ ) is as well. We begin with a lemma addressing power series congruent to 1 modulo powers of primes.
a(n)x n is an integral power series such that a(n) ≡ 0
Proof. By hypothesis this holds for j = 0, and if
for some h(x). The result follows by induction on j.
We proceed to present an explicit situation where Lemma 3.3 applies. Given an etaquotient G(τ ) of the form (1.1), with p prime and a ∈ Z + , define
Lemma 3.4. For any positive integer j, we have f
Using these lemmas we now give the proof of Theorem 1.1.
Proof of Theorem 1.1. Given G(τ ) of the form (1.1), consider
By Lemma 3.4, we have that
Note that by Theorem 3.1, F G,p a ,j is an eta-quotient of weight
, where
Since G(24τ ) has integer weight,
if p is an odd prime or if p = 2 and j ≥ 1, then k F is an integer. Since p ≥ 2 and r i , s i ∈ Z + , k F is positive. By Theorem 3.1, this implies that
). Moreover, since η(τ ) does not vanish on the upper half plane, F G,p a ,j is a holomorphic modular form if it is holomorphic at all of the cusps of Γ 0 (576L 2 ). It follows from Theorem 3.2 that F G,p a ,j is holomorphic at a cusp 
By Proposition 2.1, it suffices to check the inequality above for every divisor d of 576L 2 .
By assumption p a divides every
As the above calculations hold for any divisor d of N , this inequality provides a sufficient condition for F G,p a ,j (τ ) to be holomorphic on Γ 0 (576L 2 ). By Theorem 2.2, it follows that for F G,p a ,j (τ ) = b ′ (n)q n there is a positive constant α such that there are at most O X log α X many integers n ≤ X for which b ′ (n) is not divisible by p j+1 . In particular, almost every coefficient b ′ (n) is a multiple of p j+1 . By equation (3.1), the same holds for the coefficients of G(τ ).
Recall that Proposition 2.1 gives a complete set of cusp representatives on Γ 1 (N ). The following theorem from [12] gives a formula for computing the orders of generalized etaquotients at the cusps of Γ 1 (N ). 
and N = 24L both here, in the following lemma, and throughout the rest of the proof of Theorem 1.3.
we know that for all g there exists l ∈ {0, 1, · · · , δ − 1} such that
completing the proof.
Similar to the proof of Theorem 1.1, for the given generalized eta-quotient H(τ ), we construct a holomorphic modular form by multiplying H( N τ ) with another generalized eta-quotient that is congruent to 1 modulo powers of a prime p. Namely, we define
where p is a prime and a ∈ Z + .
Lemma 4.4. If H(τ ) is a generalized eta-quotient of the form (1.2), then
Modulo p j+1 , we have
is the order of vanishing at infinity. Note that by Theorem 4.1, H( N τ ) is a modular form of weight k H = w − y on Γ 1 (576L 2 ). Theorem 3.1 shows that f p j H,p a (τ ) is modular on Γ 0 (576L 2 ), thus modular on Γ 1 (576L 2 ). Therefore F H,p a ,j (τ ) is modular of weight
on Γ 1 (576L 2 ). Since η(τ ) does not vanish on the upper half plane, F H,p a ,j is a holomorphic modular form if it is holomorphic at all of the cusps of Γ 1 (576L 2 ). Recall the complete set of representatives of the cusps of Γ 1 (576L 2 ) given in Proposition 2. 
